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Abstract. Let Q = fc[[a;i, . . . , x n ]] be the power series ring over a field k. 
Artinian Gorenstein quotients R = Q/I whose unique maximal ideal m satisfies 
m s 7^ = m 8 " 1 " 1 are in correspondence via the Macaulay inverse system with 
degree s polynomials in n variables. B0gvad constructed examples for which 
the Poincare series of k over Ft is irrational. When s is even, we prove that 
such examples are rare. More precisely, if s is even and the inverse polynomial 
of R satisfies a generic condition, we prove that the Poincare series of all 
finitely generated ij-modules are rational, sharing a common denominator. 
We determine explicitly the denominator and the Poincare series of k. 



Introduction 

We study minimal free resolutions of finitely generated modules M over a com- 
mutative Noetherian local ring R with residue field k by means of the Poincare 
series P M (z) = £\>o rank fe (Torf (M, k))z\ 

Our goal is to understand when this formal power series represents a rational 
function. The problem has a long history. It was an open question, attributed to 
Kaplansky and Serre, whether P^(z) is rational. Gulliksen (1972) proved that the 
rationality of P^ (z) for all rings R also implies the rationality of Pj^(z) for all M. 

Anick (1982) proved that the answer to the Kaplansky-Serre question is generally 
negative. However, counterexamples do not seem to abound. One may naively ask: 
given a random ring R, what are the chances that P^(z) is irrational? We believe 
they are rather small. In this paper we provide strong evidence for such an answer. 

A formulation of the problem in the language of algebraic geometry is: Does 
Pk( z ) represent a rational function when R is generic? To give meaning to the 
notion of 'generic', one needs to specify some geometric objects that parametrize 
the rings of a certain family. In the case of Artinian Gorenstein algebras, such a 
parametrization is given by the so-called Macaulay inverse system. 

Let k be a field and let R = Q/I be an Artinian Gorenstein quotient of the power 
series ring Q = k[[Xi, . . . ,X n ]]. We denote by m the unique maximal ideal of R. 
The socle degree (or Loewy length) of R is the integer s satisfying m s ^ = m s+1 . 
If n and s are fixed, then the algebras R are in correspondence with polynomials 
of degree s in n variables. The initial form of the polynomial can be viewed, up to 
multiplication by scalars, as a point in projective space. We use the terminology of 
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generic Artinian Gorenstein algebra of socle degree s and embedding dimension n 
to refer to those algebras that correspond to points in some non-empty Zariski-open 
subset of the projective space; this set will be defined explicitly in the text. Such al- 
gebras are compressed, meaning that rankfc(Tn J /m J+1 ) = mm I { n ~n-i~ % ) ' ("n-l*) } 
for all i. 

Set H R (z) = X; i>0 r ank fc (mVm l+1 )z\ the Hilbert series of R. We prove: 

Main Theorem. Let n, s be integers such that s > 2 is even. Let R be a generic 
Artinian Gorenstein algebra of socle degree s and embedding dimension n. For 
every finitely generated R-module M there exists a polynomial pm{z) £ such 
that 

>M/„n _ Pm(z) 



dn{z) 



where 



d R (z) = 1 + z n+2 + (-z)-^ ■ (H R (- Z ) ■ (1 + z) n - 1 - z s+n ) 
is a polynomial of degree n + 2, depending only on n and s. Furthermore, 

p k (z) = (l + z) n . 

If R satisfies the hypothesis of the theorem, then its associated graded ring R g 
with respect to m satisfies the hypothesis, as well. As a consequence, we obtain 
P"'(z) — P fe (z). This equality is somewhat unexpected, since R and R g are in 
general not analytically isomorphic, cf. Elias and Rossi [§]. 

In the case s = 2 our result is subsumed by results of Sjodin [22], which hold 
more generally, for all Gorenstein rings R of socle degree 2. When n < 4, more 
general results hold as well: Jacobsson et. al. [19] and Avramov et. al. [2] prove that 
all Gorenstein rings of emedding dimension at most 4 have rational Poincare series. 
On the other hand, B0gvad [5] constructed examples of Gorenstein rings with s = 3 
and n > 12 which have irrational Poincare series; this indicates that a generic 
condition is generally needed. 

There exists also some work towards understanding the odd socle degree case: 
When s — 3, Henriques and §ega [15] prove a statement similar to our Main The- 
orem, using a generic condition imported from work of Conca et. al. [7J. Outside 
the family of Gorenstein rings, results regarding the rationality of Pj?(z) for generic 
rings R are known in the case of graded quadratic algebras; in this case, the generic 
condition involves an open subset of a Grassmanian space; see Conca [5] and Froberg 
and Lofwall [T2"] . 

To prove our result, we first rely in Section 1 on the Macaulay correspondence 
machinery to establish the existence of elements in R with some good properties. 
We then use these elements to define a hypersurface ring that maps onto R. We 
prove in Section 2 that this map is Golod, using techniques inspired by Avramov 
et. al. [3] . Results of Levin recorded in [2] give then the rationality of all Poincare 
series. The formula for du(z) is derived in Section 3. 

1. Macaulay correspondence 

In this section we establish a structural result, Corollary II .111 regarding generic 
Artinian Gorenstein algebras of even socle degree. The structural properties estab- 
lished here allow us to apply the results of the subsequent sections to this class of 
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rings. The Macaulay inverse system is used to give a precise meaning to the word 
"generic" and to perform necessary computations. Other ingredients include the 
use of the concept of compressed algebra, and results of Iarrobino |16j . 
We proceed with the needed background material and notation. 

1.1. The divided powers algebra. Let Q = k[[X\ , . . . , X n \] be the power series ring in 
n variables over a field k. Let D be the free divided powers /c-algebra with variables 

(r) 

Yi,...,Y n of degree 1. The divided powers of a variable Yi are denoted Y> , by 
definition, Yj = Y{ and Y^ =1. If a = (ai, . . . , a n ) G N" is a multi-index, we 
set 

y (a) = y^ai) _ _ _ and X « = X *i X a n 

Multiplication in D is defined by extending linearly the rule: 

y(«)y(/3) = ( a + ft) ! y(a+3) 
a!/3! 

where (a + /3)!/a!/3! = (ai + /3i)! . . . (a„ + /3„)!/ai! • . .a„!/3i! . ../?„!. One defines 
an action of Q on D by extending linearly the rule: 

1 otherwise 

where the symbol < denotes the order operation of N" induced element- wise by the 
natural order of N. 

We set \a\ = «! + ••• + a n . If j > 0, let Dj denote the jth graded component of 
D. A fc-basis of Dj consists of all monomials Y"W with \a\ = j, hence 

rankfe(Di) = r^^'j . 

1.2. Basics of the Macaulay inverse system. If S C D, we denote (S) the Q- 
submodule generated by S in I?. The annihilator of (S) in Q is the ideal 

ann Q (S) := {g G Q | 5 o / = for all / g 5}. 

Conversely, for any ideal I C Q we define the following Q-submodule of £> 

I ± :={f€D\Iof = 0}. 

This correspondence between ideals of Q and Q-submodules of D is called the 
inverse system of Macaulay, see [18] and [5] for more details. 
Given a polynomial / G D of degree s, then 

i?/ := Q/ann Q (/) 

is a local Artinian Gorenstein algebra of socle degree s. Conversely, if I is an 
ideal of Q such that R = Q/I is an Artinian Gorenstein algebra of socle degree s, 
then I 1 - is a cyclic Q-submodule of D. If J- 1 = (/), then R = Rf. In this way, 
the Macaulay inverse system gives a bijective correspondence between the class of 
Artinian Gorenstein quotients of Q of socle degree s and polynomials of degree s 
in D (up to the action of invertible elements of Q). 

1.3. The associated graded ring. We denote by R s the associated graded ring of a 
local ring (R, m, k) with respect to the maximal ideal m, that is: 

RS = 0mVm l+1 . 

i>0 
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Let / be a polynomial of degree s in D. We denote by F (the corresponding capital 
letter) the leading form of degree s in /, that is 

/ = F + (lower degree terms) . 

Then Rp is the unique Gorenstein graded quotient of {Rj) s of socle degree s, and 
Rp = {Rj) s whenever (Rf) s is Gorenstein (or equivalently the Hilbert function of 
R is symmetric), see [T7] and |S]. 

1.4. Hilbert function. If (R,m,k) is a local ring and M is a finitely generated 
i?-module, denote by Hm(—) the Hilbert function of M, that is 

h M (i) = rank fe (m l M/m l+1 M) . 

Set n = (X\, . . . , X n ), the maximal ideal of Q. Note that 

tiQ(i) = rankfc(nVn !+1 ) = rankfc(Dj) for each i > 0. 

If R = Q/I, we have h R {i) — rankj.(n 4 + I)/(n l+1 + I). The exact sequence 

-> (n 4+1 + n 4 n 7)/n ,;+1 ^ nVn i+1 (n 4 + I)/(n l+1 +1)^0 

shows that hn(i) < rankk(Di) and 

(1.4.1) h R (i) = rank fc (A) ^ inn'C n l+1 . 
It follows that 

(1.4.2) / C n J ft fl (i) = rank fe (A) for all i < j . 

1.5. Hilbert function via the inverse system. The Hilbert function of an Artinian 
algebra R = Q/I can be expressed via the inverse system. We define the following 
fc-vector space: 

(1.5.D (/*).:= J±n °* + °<- . 

Then it is known, see for example [17] and [9], that 

(1.5.2) h R (i)=TaDk k (I ± ) i . 

If / := fii ■ ■ ■ i fa is a sequence of polynomials of Z), then we write 

% = Q/shoqQ) 

where anng(/) = D° =1 amiQ(/j). If F := Fi, . . . ,F a is a sequence of forms of 13 of 
degree s, then anng(_F) is an homogeneous ideal and for each i > the equation 
(|1.5.ip becomes: 

(1.5.3) h RK (i) = rank fc (i?_p) 4 = rankfe(F)j 

where (-F)i is spanned as a fc- vector space by X a oFj, with 1 < j < a and |a| = s—i. 

1.6. Compressed Artinian Gorenstein algebras. Let F be a form of degree s in 13 
and let i be an integer with i < s. Fix a monomial basis of D s _i and let A l (F) 
denote the matrix of size 

rank fe (£) s _. i ) x rank fc (A), 

whose columns are the coordinates of X a o F, with a ranging over all multi-indices 
with | a | = i. It is straight consequence of (|1.5.3|) that 

rank fc ((i? F ) l ) = rank(A i (F)) < min {rank fe (L» s _ l ), rank* (A)} 

for i = 0, • • • , s. When equality holds, Rf is said to be compressed, see [IB] . 
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(1.6.1) Mi) 



In general, a Gorenstein local ring R of socle degree s and embedding dimension 
n is said to be compressed if 

— 1 + s — i\ /n — 1 + 
n-l )\ n-l 

In p~6j Proposition 3.7 and Corollary 3.8] Iarrobino proved that compressed 
Gorenstein local rings R have associated graded rings R s which are compressed 
Gorenstein graded algebras; in particular if R = Rf is compressed then R g = Rp. 
Conversely, if Rp is compressed, then Rf is compressed and Rf = (Rf) g - 

Remark 1.7. Let Rf = Q/I be a compressed Artinian Gorenstein algebra of socle 
degree s. If s = 2t— 2 or s = 2t— 1, then we have h R (j) = rankfc(-Dj) for all j < t—1. 
Consequently, (jl.4.2|) gives J C n*. As noted above, the graded algebra Rf is also 
a compressed Gorenstein algebra of socle degree s, and thus ann<g(F) C n', as well. 
In particular, we have g £ amiQ^F), and thus goF ^ for all nonzero polynomials 
g £ Q with deg(<?) < t. It follows that 

(1.7.1) deg(g o /) = s — i for all homogeneous g £ Q with deg(g) = i < t. 

1.8. m-adic valuations. Let R = Q/I be an Artinian quotient of Q. Recall that 
n = (Xi , . . . , X n ) and set m = n/J. 

We write ~g for the image in R of an element g £ Q. We say that ~g has valuation 
i in R and we write vn(g) = i if g £ m l \ m 4+1 . 

Lemma. Let J £ Q be an ideal and i an integer such that the following hold: 

(1) h R (i) = rankfe(A) ; 

(2) h Q/J (i) < rank fe (A)- 

TTien </iere exists g £ J such that vn(g) = i. 

Proof. Using (| 1 .4. 1[) . the hypothesis implies: 

inn 1 £ n i+1 and J n n* % n i+1 . 
Choose then g £ J C\n l \ n i+1 . If g £ (n i+1 + I), it follows that 
g £ (n i+1 + 1) n n 1 = n ,:+1 +/nn'C n l+1 , 
a contradiction. Thus g £" (n J+1 + I), showing that ~g ^ m i+1 . □ 

If g £ R has vn{g) = p, let g* denote the image of g in m p /m p+1 ; we regard g* 
as a homogeneous element of i? g . If 31,52 £ R, then in R g we have 

(1.8.1) ff!5 2 = <! . 

I otherwise. 

If / G D, we set: 

/«...« := (^u ...X u )of. 
We denote xi, . . . ,x n the images of the variables in R. 

The following proposition provides the relevant structural properties of the rings 
under investigation. 

Proposition 1.9. Let R — Rf be a compressed Artinian Gorenstein algebra of 
even socle degree s — 2t — 2 > 2. Then for each i £ {1, . . . , n}, the set 

n 

A t : = P| (&rm R (xj)) \ annR^*" 1 ) 

3'e/x{i} 
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contains an element qi with vn{qi) = t — 1. 

Assume further that there exist j,l G {l,...,n} with j ^ I such that Rf j is 
a compressed Gorenstein algebra of socle degree s — 1 and Rf jt is a compressed 
Gorenstein algebra of socle degree s — 2. For each q G Aj with vn(q) = t — 1, there 
exists then an element u with vr(u) = t — 1 such that 

u G a,xmji(xj) \ arm(g) . 

Proof. We write R as R = Q/I, where / = anng(/). Let i with 1 < i < n. To 
simplify notation, we assume i = 1 . 

Step 1. We set 

J = ann Q (/ 2 , ...,/„). 
If g G Q, then g~ G ann^a^-) if and only gXj G /. Recalling that I — amiQ(/), this 
is equivalent to (gXj) o f = 0, and thus with g o /j = 0. Thus 

g G J ^=^> 5 G ann_R,(x2, . . . ,x n ) . 

We prove that there exists g € J such that i>.rQ?) = t — 1. 
In view of Lemma II. 81 it suffices to show 

(1.9.1) h Q/J (t-l) <rank fc (D i _ 1 ). 

The left hand side of (|1.9.ip is equal to rankfe(/2, . . . , f n )t-i> cf. (|1.5.ip and 
(11.5.21) . where 

/. ,\ _ if 2, ■■■,/«) n%j +£><t-l 
\/2, • ■ • , Jn/t-1 — p; ■ 

Assume that rankfc(/2, . . . , f n )t-i = rank / t(Z? t _ 1 ). Since i? is compressed, we also 
have hft(t — 1) = rank^(/) t _i = rankfc(D t _i). Thus equalities must hold below: 

(f)t-l = (fl, • • • i fn) t-l 3 (/2) • • • j /n)t-l i 

hence (/) t _i = (/ 2 , • • ■ , / n )t-i- It follows that 



^" 1 »/6(/2,...,/»)nfl<f-i + D< 



t-l ■ 



The elements in (/ 2 , . . . , /„} n D< t ~i are generated by elements of the form 

X a o = X a Xj o / with j > 2 and |a| < s - 1 - (t - 1) = i - 2. 

If a and j are as above, note that X a Xj ^ X\~ l . It follows that there exists a 
nonzero polynomial h G Q of degree £ — 1 such that ho f £ D <t -\. 

We decompose h into homogeneous components: h = ho + hi + ■ ■ ■ + h t -i, where 
hi = or deg(/ij) = i. By Remark 11.71 we have deg(/ii o /) = s — i for each i with 
hi 7^ 0. Let io be the smallest i with hi ^ 0. Then 

deg(/i o /) = deg(/i l0 o/)=B-i >2t-2-(*-l)=*-l, 

a contradiction. This shows that there exists g G J with ur(<?) = t — 1. 

S^ep 2. Set q = ~g, where g satisfies the conclusion of Step 1. We prove now that 
7^ 0. To do so, we prove by induction the following statement: For any j 
with < j < t — 1 one has q*(x\y ^ (and in particular q(xiy ^ 0). 

First, we recall that vn{q) = t — 1. Note that i>.r(x{ _1 ) = j — 1 for any j with 
j <t and in particular (xj 1 )* — Indeed, the inequality ffl(a;j ) > j — 1 

implies G m J , and thus yields a contradiction: 

.V;' 1 < n' • / : n' 



GENERIC ARTINIAN GORENSTEIN ALGEBRAS 



7 



where the inclusion is due to the fact that j < t, which implies / C n* C n 3 , due to 
Remark 11.71 

For the base case of the induction, we need to show q*x\ ^ 0. Assume that 
q*x\ — 0. Since qx L = for all i ^ 1, we also have q*x* — for all i ^ 1. In 
particular, q* G (0 : m s ), where m g denotes the maximal ideal of R g . Recall that 
R s is Gorenstein of socle degree s, since R is compressed. It follows thus that 
q* G (m s ) s and thus q G m s . This is impossible, since v R (q) = t — 1 and t — 1 < s. 

Let now j with 1 < j < t — 1 and assume that g*(x*)- J_1 ^ 0. Assume that 
q*(x* i y = 0. As above, since q*x* — for alii ^ 1, it follows that q*{x{~ 1 )* — 
q*(x\y~ 1 G (0 : m g ) = (m s ) s and thus vji(qx]^ ) = s. However, notice that: 

v R (q) + v R {x{~ 1 ) = t-l+j-l<t-l+t-2 = 2t-3<s = vniqx]^ 1 ) 

and this contradicts the fact that q*(x{~ )* ^ 0. 

Assume now that Rf j is compressed of socle degree s — 1 for some j and Rf jt is 
compressed of socle degree s — 2 for some I ^ j. To simplify notation, we assume 
j = 1 and I = 2. 

Step 3. Let q be as in Step 2. We now show that ann^(xi) $2 annfl(g). Assume 
that annfl(xi) C ann/j(q). Since R is Gorenstein, we have 

(q) = annij(annij(g)) C ann i j(anni ? (a;i)) = (xi) , 

hence q G (xi). There exists thus a non-zero element h G R with h £ Q such that 
g = sti/i. Since w_r(<7) = t — 1, we have vn(h) < t — 2. 

For each j 6 {2, . . . , n} notice that {x\Xi)h = 0. This implies hX\Xi o / = and 
thus ho f u = 0. Set 

L := ann Q (/i2,/i 3 , • • - 
We have thus h £ L. We prove that this is a contradiction. To do so, we show 

(1.9.2) h Q/L (j) = mnk k (D j ) for all j < t - 2 . 

This equation implies that L C n* _1 , cf. (|1.4.2|) . contradicting the fact that vr{K) < 
t - 2. 

Let j < t - 2. To prove (|1.9.2j) , note that (|1.5.1[) and (|1.5.2|) give 

h Q/L(j) = rank fc (/ 12 , . . . ,/ 1 „} J 

and in particular /iQ/z,(j) > rankfc(/i2)j. Since i?/ 12 is a compressed Gorenstein 
algebra of socle degree s — 2 = 2 (t — 1) — 2, we have 

rank fc (/i 2 )j = h Q/ ann Q (/ 12 )(j) = rank fe (L>j) 

hence > rank^ (Z3j), and this proves (|1.9.2[) . since the reverse inequality 

always holds. 

To finish the proof, let u = e £ &rmn(xi) \ ann/f(g). We argue that vr(u) = 
t — 1. Notice that e € annfl(xi) if and only if e £ annQ(/i), as before. Since 
Rf 1 = Ql annQ(/i) is a compressed algebra of socle degree a — 1 = 2(4 — 1) — 1, 
we have anng(/i) C n t_1 by Remark 11.71 hence e G m* -1 . Also, note that u £ m', 
since u G m 4 implies itg G m 2t_1 = 0. Thus vr(u) =4 — 1. □ 
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1.10. Open sets of compressed algebras. If F G D is a form of degree s we regard it 
(up to scalars), as an element of the projective space P(D S ). Iarrobino and Emsalem 
[TP"] denote G(s) the subset of forms of degree s for which Ftp is a compressed 
algebra, and prove that G(s) is a Zariski-open nonempty subset of P(D S ), see [16j 
Theorem I] . 

Lemma. Assume s > 2. There exists a non-empty open subset IA of¥(D s ) such 
that for all F GU the following hold: 

(1) Rf is a compressed Gorenstein algebra of socle degree s; 

(2) Rp 1 is a compressed Gorenstein algebra of socle degree s — 1; 

(3) Rf 12 is a compressed Gorenstein algebra of socle degree s — 2. 

Proof. Set V = {F G P(D S ) | X X X 2 o F f 0}; it is an open subset of ¥{D S ). 
Consider tti : V — > P(D s -i) given by 

F \-> X 1 o F 

and 7Ti2 : V — > P(Z? S _2) given by 

F >->■ XiX 2 o F 
Then 7Ti and 7Ti2 are surjective morphisms. We define 

U := tti\G{s - 1)) n Tr^\G(s - 2)) n G(s) 
Since G(s), G(s — 1) and G(s — 2) are open and nonempty, so is U. □ 

Corollary 1.11. Let R = Rf be an Artinian Gorenstein algebra of socle degree 
s = 2t — 2 > 2. Assume that the initial form F of f satisfies F G U, with IA as in 
Lemma \l.Wl There exists then an element u and for each i there exist elements qt 
such that 

(1) VR(qi) = t — 1 and qiXj — for all i and all j =/= i; 

(2) m s = {q^r 1 ) for alii; 

(3) vr(u) = t — 1 and x\u = 0; 

(4) m s = {q x u). 

Proof. Recall that Rf is compressed if and only if Rp is compressed. The hypothesis 
that F shows that R is compressed of socle degree s, Rf 1 is compressed of socle 
degree s — 1 and i?/ 12 is compressed of socle degree s — 2. 

Parts (1) and (3) are then a direct consequence of Proposition 11.91 which also 
gives q\U ^ and ftx* -1 ^ for all i. Since qtu and qix\~ l are in m s and m s is the 
one-dimensional socle of the Gorenstein ring R, parts (2) and (4) also follow. □ 

2. A GOLOD HOMOMORPHISM 

In this section we consider a class of local rings R, subject to the structural 
conditions listed in 12.31 We construct a homomorphism from a hypersurface ring 
onto R and we prove in Theorem 12.91 that this map is Golod. Results of Levin give 
then that the Poincare series of all finitely generated i?-modules are rational. 

Let (R, m, k) denote a local Noetherian ring. We refer to [3] and [14] for details 
on the notion of DGr i?-algebra, and we recall below some of the main ingredients. 

2.1. DGr algebras and Tate resolutions. Let B be a DGr i?-algebra, with differ- 
ential d. We denote |&| the degree of an element b G B and set b = (-l)^b. The 
following then hold for a, b G B: 



GENERIC ARTINIAN GORENSTEIN ALGEBRAS 



9 



(1) The multiplication of B is graded commutative: ab = (— l)l a H b l&a. 

(2) The differential d satisfies the Leibnitz rule: d(ab) = d(a)b + ad(b). 

(3) If b £ B has |6| even, then the divided powers ft") are defined. They satisfy 
\b*j)\ = 3 \b\ and = d{b)b^~ l \ 

Given a set y of variables T with \y\ > 1 for each y E y, we let R(y) denote the 
DGr algebra with 

V i/Gy ' \ yEy ' 

\y \ odd \y\ even 

as underlying graded algebra and differential defined as to satisfy the formulas in 
(2) and (3) above; see [3l §6]. The variables with \y\ odd are exterior variables (and 
satisfy thus y 2 = 0) and the ones with even homological degrees |y| are divided 
powers variables. 

A Tate resolution of a surjective ring homomorphism R — > S is a quasi-isomor- 
phism R(y) — > S, where y = {yi}i^i and \yj\ > > 1 holds for all j > i > 1. 
Such a resolution always exists: see Q31 1-2.4], or [3J 6.1.4]. Furthermore, when 
S = k, such a resolution can be chosen in such a way that it is minimal, in the 
sense that Im(9) C mR(y), see [3] 6.3.5]; in this case, we call it a minimal Tate 
resolution of k over R. 

2.2. Let M be a finitely generated i?-module. We denote i? g = © i>0 nx l /tn I+1 and 
= (Bi>o rn l M/m 1+1 M the associated graded ring, respectively module, with 

respect to the maximal ideal m. For each i, j > we consider 

nj' R (M) : Torf (m J M, fc) -> Torf (m 3 ' _1 M, fc) 
p{ R {M): Torf {M/m J N : k) -> Torf (M/m J ' _1 M, fc) 

to be the maps induced in homology by the inclusion rtv'M ^-s> m :,_1 M, respectively 
the canonical surjection M/xaPM ^ M/m J_1 M. 
According to [20, 3.3], one has: 

(2.2.1) fj,f R (M) = for alH > and all j > reg Qg {M g ) + 1 

where (Q, n, fc) is a regular local ring such that R = Q/I with / C n 2 is a minimal 
Cohen presentation of R, and regg E (— ) denotes Castelnuouvo-Mumford regularity. 

When M = R, note that (4' R (R) = for all i > if and only if p^f (i?) = for all 
i > 0. This is due to the canonical isomorphisms Torf (m- 7 , fc) = Tor^_ 1 (i?/m : ' , fc). 

Throughout the remainder of this section, the local rings (Q, n, fc), (R, m, fc) and 
(P, p, fc) are as described below. 

2.3. Let t > 2 be an integer and set s = It — 2. Let (Q, n, fc) be a regular local ring 
with maximal ideal n and fc = Q/n. Let / be an ideal such that 

n s+1 C I C n* . 

The local ring (i?, m, fc) is defined as i? = Q//, with m = n/J, and we assume that 
it satisfies the following properties. 

(1) m s 7^ (note that m s+1 = holds, due to the condition on /). 



10 



M. E. ROSSI AND L. M. §EGA 



(2) There exist a minimal generating set x — x\, . . . , x n of ttl and elements u and 
q in R with 

Vr(u) = Ufl(g) = i - 1 

such that the following hold: 

(a) qxj = for all j ^ 1; 

(b) uxi = 0; 

(c) m s = (qu); 

(d) = (ga;*- 1 ). 

Let X\ and [7 denote preimages of Xi, respectively u, in Q. The local ring (P, p, fc) 
is defined by 

P = Q/(XiU) and p = n/(XiU) 

Note that vq(U) = t — 1 and thus uq(Xi£/) = t. Since a^it = in P, we define the 
canonical projection 

x: P -> P. 

Our main goal is to prove that is a Golod homomorphism. 

The ring P is a local hypersurface, and thus a minimal Tate resolution of k 
over P is well understood see [2]. Let respectively x[, denote the image of U, 
respectively X\, in P. Let T> — P(T[, . . . , T' n , Y{) be a minimal Tate resolution of 
k over P, with variables T/ with \T-\ = 1 and variable Y[ with |y/| = 2 such that: 

dTj' = x' x and 9F/ = u'T x ' . 

Set A = R® P V. We identify A with the DGL algebra .A = R(Ti, . . . ,T n , Y\), with 

dTi = X! and dY x = uT x . 

Remark 2.4. Using [2~2l we have 

(4+AQ) = = /if Q (g) for all i > and all j > 1. 

Note that P g = Q g /{h), where /i = (Xif/)* is the image of X X U in Q g . Since 
vq(X%U) = t, the homogeneous polynomial h has degree t, and thus regg s (P g ) = 
t — 1. Consequently: 

A+ii p ) = = /4' P (^) fOT alH > and all j > t . 

Furthermore, since I C n* and (-X"i?7) C n*, we have P/m 3 = P/p- 7 for all j < t. 
Since these identifications are canonical, the maps p*' (P) and p*' (P) can also be 
identified, and for j = t we have: 

(2.4.1) Pi+i(R) = for aU i > 0. 
Similarly, since / C n*, we have: 

(2.4.2) P*+i(-R) = for aU i > 0. 
Lemma 2.5. T/ie map 

Hi(»j): H 4 (i/ra'A) Hi(^/m t_ U) 

induced in homology by the canonical surjection r\: A/vc^A — > A/m t ~ 1 A is zero for 
all i > 0. Consequently, every element o/H>i(„4) can be represented as cls(z) for 
a cycle z S m t ~ 1 A. 
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Proof. Recall that A = R®p T>, where I? is a minimal free resolution of k over 
P. We can identify then Torf (R/m 3 , k) with Rt(A <Z)p R/m 3 ) and further with 
Hi(A/m 3 A). The map Hi (77) is thus an avatar of the map p t i ' p (R), and then (|2.4.1[) 
gives the conclusion. □ 

The next result plays a crucial role. 

Proposition 2.6. The map 

Hi(t): Hi(mM) ^Hi(m*-M) 
induced in homology by the inclusion l: m s A m*" 1 ^ is zero for all i > 0. 

Proof. Since m s+1 = 0, note that H^mM) = to* A. 

Let I = {i\ < i% < ■ ■ • < i a } denote a subset of elements of {1,2,..., n}. We set 

The divided powers are defined for j > 0. Recall that Y^ ' = 1 and we make 
the convention that := when j < 0. A basis of A consists of all elements 
TjY^, where j > 0, and / ranges over all subsets of {1,2, ... ,n}. 

We need to show: if c 6 m s , then cTjY^ is a boundary of m t_1 ^l for all j > 0. 

Case 1. 1 <£ L In this case, we show that cTjY^ € 9(m a-1 .A). 

Condition I2.3f 2)(d) gives m s = (gx'f 1 ). We may assume thus that c = qx 1 . 
Set d — x*~ . Using the Leibnitz rule, one has: 

= (qd)x 1 T I Yl f) = (qd)d(T 1 )T I Yl j) = d^qdT^Y^) + qdTid(TjY^) . 

We show next that qdTid^Y^) = 0. Recall that Y^ 1] = 0, by convention. 
Using the differentiation rules in the last term above, we have: 

qdT 1 d(T I Yl i) ) = ±qdT 1 x lk T I ^ {tk} Yl 3) ±qdT 1 T I (uT 1 Y 1 {3 - 1) ) = 

ifcG-T 

where the first part of the sum is zero because qxi — for all I ^ 1 and, when 
j > 0, the second part of the sum is zero because if = 0. 
Note that qd G m 2 ' -3 = m s_1 . Consequently: 

cTjY^ = d{qdT 1 T I Yl i) ) G d{m s - 1 A) . 

Case 2. lei. In this case, we show that dT{Y^ e 5(m* _1 ^l). 

Condition 12. 3f 2)(c) gives m s = (qu). We may assume thus c = qu. We have: 

cTjY^ = q(uTi)T^ {1} Y® = ±q(d(Y 1 )Y 1 {3) )T IMl} = ±qd(Y 1 {3+1) )T I ^ {1} = 

= ±qd(Y 1 {3+1) T I ^ {1} ) ± qY± j+1) d(T IM1} ) 

where the Leibnitz rule is used in the last equality. 

Using the differentiation rules for the last term above, we have: 

qY} 3+1) d(T IMl} )= ]T ±qx ik T^ {1<ih} Y} j+ V=0. 

This sum is zero, because qxi = for i 7^ 1. We have thus: 

cTjY^ = d{±qY 1 i3+1) T IMl} ) e dim 1 - 1 A) 
and this concludes the proof. □ 
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Corollary 2.7. Let K, denote the Koszul complex R(T\, . . . ,T n ) with dTi = Xi, 
regarded as a subcomplex of A. The following then hold: 

(1) m s JC n C d^m*- 1 A); 

(2) Assume further that R satisfies the conclusions (l)-(2) of Corollary 11.111 
Then m s lCi C 0(m s_x /C) for all i < n. 

Proof. Part (1) is an immediate consequence of the Proposition. 

For part (2) we need to rewrite Case 1 of the proof, along the same ideas. We 
need to show: If c £ m s , then cTj £ /C<„ is a boundary of m s_1 /C. Since cTj £ K. <n , 
we have I ^ {1, 2, . . . , n} and thus there exists i such that i f. I. Conclusion (2) 
of Corollary 11.111 gives m s = (^a;* -1 ). We may assume thus that c = qix\~~ . 
Set di = x*~ 2 . Proceeding as in the proof of Case 1, with j — 0, we obtain 
cTi = d{±q l d l T l T I ) £ dim^K.) . □ 

2.8. Golod maps and Massey operations. Let h denote a homogeneous basis of the 
graded fc-vector space H>i(A). According to Gulliksen [13], the homomorphism 
k : P — >• R is said to be Golod (or A admits a trivial Massey operation) if there is 
a function /i : Um=i ^™ — * satisfying: 

(2.8.1) /j,(h) is a cycle in the homology class of h for each h £ h; 

rn — l 

E 



(2.8.2) ■ • .,h m ) = fi{hi, . . .,hi)jj,(h i+ i,. . .,h m ) for each m > 2 : 



(2.8.3) n{h m ) C for each m > 1 . 

The main result of the section is as follows: 

Theorem 2.9. The map x: P — > R defined in 12.31 is Golod. Furthermore, the 
equations (f2XT|) - (|2~831) can be verified with a function n such that Im(/z) C m* 1 A. 

Corollary 2.10. If R is as m !2.3l then there exists a polynomial dn(z) £ Z[z] such 
that for every finitely generated R-module M there exists a polynomial Pm{z) £ Z[z] 
with 

PM(z)d R (z) =p M (z) 
and such that pk{z) = (1 + z) n . 

Proof. By Theorem 12.91 R is a homomorphic image of a hypersurface ring via a 
Golod homomorphism. The desired conclusion follows then from results of Levin 
cf. [1 Proposition 5.18]. □ 



Proof of Theorem \2.9l We construct a Massey operation /x as in 1 2 . 81 inductively on 
to > 1. Lemma [2.51 gives that for each cls(x) £ H>i(^l) we can choose a repre- 
sentative in m t-1 .4, hence (|2.8.1[) is verified. If x±,X2 are such representatives of 
two elements of H>i(A), then X1X2 £ m 2t ~ 2 A. Recall that s = 2t — 2. Hence 
xix 2 £ m s A. Proposition ^. 61 gives that x\x 2 = d(x) for some x £ m t ~ 1 A. 

Thus for any two classes cls(xi) and cls(i£2) in H>i(_4) one can pick representa- 
tives xi,X2 in m t ^ 1 A such that x\x 2 is the boundary of an element in m t ~ 1 A. This 
property allows for an inductive definition of the Massey operations. In addition, 
this construction gives that Im(fT) C m t-1 A □ 

If (R, m, k) is a local ring and M is a finitely generated i?-module, we set 
^f(M) = rank fe (Torf (M,k)). The Poincare series of M over R is the formal 
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power series 

P£(z) = $>f(M)z\ 

2.11. Change of rings formula. Let R and P be as in 12.31 The function /i con- 
structed above allows one to describe the minimal free resolution of k over R, see 
[TBI Prop. 1], showing that the following formula holds: 

3. Generic Artinian Gorenstein algebras 

In this section we establish a formula for the polynomial du(z) of Corollary |2.10[ 
in the main case of interest. We use the notation in Section 1. Recall that D denotes 
the divided powers fc-algebra in n variables, and each Artinian Gorenstein algebra 
R = k[[Xi, . . . , X n ]]/I of socle degree s is in correspondence with a polynomial / 6 
D of degree s, whose leading form F € D s can be thought of, up to multiplication 
by scalars, as an element of the projective space F(D S ). 

In the statements of most results of this section, the assumptions are as follows: 

3.1. The integer s is even, with s = 2t — 2 > 2, and R is a generic Artinian Goren- 
stein algebra of socle degree s and embedding dimension n, meaning the following: 
R = Rf for some / <E D with deg(/) = s such that the initial form F of / satisfies 
F eW, where U is the open set of Lemma Tl. 101 

Under these assumptions, Corollary 11.111 shows that the conditions of 12.31 are 
satisfied, and we can further use the notation and results of Section 2. In particular, 
the conclusions of Corollary 1 2 . 1 01 hold . 

Recall from the introduction that Hr{z) denotes the Hilbert series of R: 

H R( Z ) = £ rank fe (m7m m y . 

i>a 

where m is the maximal ideal of R. 

We are now ready to state our main theorem. 

Theorem 3.2. Let n, s be integers such that s = 2t — 2 > 2 is even. Let R be a 
generic Artinian Gorenstein algebra of socle degree s and embedding dimension n. 
For every finitely generated R-module M there exists a polynomial Pm{ z ) £ Z[z] 
such that 



KM 



dn{z) 
where 

d R {z) = 1 + z n + 2 + (-z)~ t+2 ■ (H R (-z) ■ (1 + z) n - 1 - z s+n ) 
is a polynomial of degree n + 2, depending only on n and s. Furthermore, 

Pk (z) = (1 + z) n . 

In view of Corollary 12.101 we only need to prove the formula for dn(z). This is 
postponed to the end of the section. 
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Remark 3.3. When s = t = 2, the formula for <Ir{z) becomes 

d R (z) = H R (-z)-(l + z) n . 

The result of the Theorem is subsumed, in this case, by the results of Sjodin |22j . 
cf. also Avramov et. al. [4]. In this case the conclusions of the Theorem hold for 
any Gorenstein ring (R,m, k) with rankfc(m/m 2 ) = n and m 3 = 0. (For such rings, 
one can also argue that the the conclusions of Corollary II .111 are satisfied, up to a 
change of variable, when k is algebraically closed). An additional generic condition 
on R is thus not needed in this case. 

Corollary 3.4. (z) = PfO). 

Proof. If R = Rf is as in I3.1[ then R g = Rp also satisfies the conditions of 13.11 
By definition, we have H R {z) — H Rg (z). Theorem 13.21 shows thus that the same 

formula holds for both P^(z) and P^ (z). □ 

Remark 3.5. The Poincare series of Gorenstein local rings of embedding dimension 
n < 4 have been classified in [I]. According to this classification, the generic 
Gorenstein rings of even socle degree and embedding dimension 4 are of type GGO. 

3.6. Change of rings and Eisenbud operators. Let P be as in 12.31 Recall that 
P = Q/(h) with h = XiU 6 n' \ n* _1 . Let M be a finitely generated P-module. 
Let iff 1 denote the map 

tpf : Tor9(M, k) -> Torf (M, k) 

induced by the projection Q — » P. A free resolution of M over P can be constructed 
as in [3j Theorem 3.1.3] from a minimal free resolution of M over Q; this construc- 
tion is due to Shamash [21]. If h 6 nannq(M), then this resolution is minimal, 
see [3j Remark 3.3.5], and it follows that iff 1 is injective for all i. In particular, if 
n t_1 M = 0, then tpf 1 is injective for all i. 

As explained in the proof of [3[ 3.2.2], the construction of Shamash leads to the 
definition of maps Xi which fit into an exact sequence 

> Torf^Af.fc) ^Toif (M,fc) Torf (M,k) Torf_ 2 (M,fc) 

M 

Tor9 X {M, k) Torf X (M, k) ^ . . . 

The map xf 1 can also be understood as given by the action of the Eisenbud operator, 
in the particular case of a hypersurface, see [31 Construction 9.1.1]. Eisenbud 
operators are natural in the module arguments and they commute with connecting 
maps induced by short exact sequences, cf. [3J Proposition 9.1.3]. 

Proposition 3.7. If R is as m 13.11 then the following hold: 

(1) cpf — for all i > n and rankfe(Ker (p 1 ^) = 1; 

(2) iff- is injective for 1 < i < n and for i = 0; 

(3) ifi is surjective and rank^ (Ker <^p) = 1. 

Proof. We use the notation as in Section 2: A = R(T\, . . . , T n ,Y\) with dTi = xi 
and dYi = uTi, and K, = R(Ti, . . . ,T„). We can compute homology as 

Torf (R, k) = Ei(A) and Tot9(R, k) = Hj(/C) 

The map tpf~ can be realized as the map IL(/C) — > Hj(.A) induced in homology by 
the inclusion of complexes K. ^ A. 
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(1) Since pdg k — n, we have Torf (i?, k) = for all i > n. We only need to 
consider thus the case i = n. Note that H„(/C) = (0 : m)/C„ = m s /C„. Corollary 
I2.7f 1) shows that every element of m s K, n is a boundary of m* _1 ^l. It follows that 
the map <p% ■ H„(/C) — ► H n (.A) is zero. We have thus Ker(ip^) = m s K, n = xn s . Since 
R is Gorenstein, its socle m s is one-dimensional, and thus rank/j(Ker <f^) = 1- 

(2) Obviously, is an isomorphism. If i > 0, then 12.41 shows that 

In particular, it follows that the maps 

Torf (R, k) -> Torf (H/m* -1 , fc) and Torf (i?, fc) -4 Torf (_R/m*~\ fc) 

induced by the canonical projection R i?/m* _1 are zero, since these maps factor 
through pl' P (R), respectively p t i ' ( ^(R). 

Set R = i?/m t_1 . Note that n t ~ 1 R = 0, hence ipf is injective for all i, as 
discussed in 13.61 Consider the exact sequence 

and write the long exact sequences induced by applying — ®pk, respectively —®Qk. 
Using the fact that the Eisenbud operator is natural in the module arguments, and 
commutes with connecting homomorphisms, we have a commutative diagram with 
exact rows and columns for i > 1: 



l_ 

> Torf^i?, k) > Torf (m t_1 , k) > Torf (R, k) > 



> Torf^i?, k) > Torf (m* - \ k) > Torf (R, k) > 



> Torf^OR, k) > Torf^Cm*- 1 , k) 

I 


A use of the snake lemma in this commutative diagram shows that if ip™ and 
if>f_ y are injective, then tpf is injective. To prove that ipf is injective for all 
1 < i < n, it suffices to show that ip™* 1 is injective for all < i < n. 
Let < i < n. We realize tpf* 1 as the map 

Hi(ra t_1 £) -^Hj(m*-M) 

induced in homology by the inclusion of complexes m* _1 /C m t_1 ^l. 

Assume that a 6 m* _1 /Ci satisfies a — d(b) with b e m t ~ 1 A. Set Y = Y\. The 
divided powers 1, Y, Y^ , . . . form a basis of A over JC, and we write 

b = c + c x Y + c 2 YW + ... 

with Ci G ift* /C. Applying the properties of the differential, we obtain: 

a = d{b) = d(c ) ± ad{Y) + diY + d 2 Y {2) + ... 
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with di G K. Then di = for all i and 

a = d(c Q )± Cl d(Y) . 

We have d(Y) = uT x G m^JC and c x G m^/C, hence cid{Y) e m 2t - 2 1C = m s /C. 
By Corollary I2.7f 2h we have that c\d{Y) = 9(e) for some e G m s ~ 1 IC. Hence 
a = <9(co ± e) with Co ± e G m t_1 /C and thus ^ is injective. 
(3) The map can be identified with the canonical map 

I/nl I/(nI, XtU) 

and the conclusion follows immediately. □ 

In the case of standard graded algebras, the Poincare series of a finitely generated 
graded module is defined the same way as in the local case. If N = ©iVj is a graded 
i? g -module and j is an integer, then the notation N(—j) stands for the graded 
module whose ith graded component is Ni + j. 

It is known that the compressed graded algebra R s of even socle degree has an 
almost linear graded free resolution over the polynomial ring Q g , see Iarrobino [161 
4.7] . Consequently, we can compute below the Poincare series of R g as a Q g -modulc. 

Lemma 3.8. If R is a compressed Artinian Gorenstein algebra of even socle degree 
s = 2t — 2 and embedding dimension n, then 

P%) = l + z n + {-z)- t+1 ■ (H R (-z) ■ (1 + z) n - 1 - z s+n ) . 

Proof. Recall that R s is a compressed algebra of even socle degree. Set A = Q s 
and set Pi = f3f(R s ). According to [TBI 4.7], a graded minimal free resolution of 
R g over A is as follows: 

(3.8.1) -)• A(-n - s) -> A 13 "- 1 (-n-t + 2)^ > A Pl (-<) -» A -» R g -» 

where the ith term of the free resolution is A^^—i — t + 1) for < i < n. 

Note that Hq(z), respectively Hr(z), can be viewed as the graded Hilbert series 
of A, respectively R g : 

H Q {z) = ^(rank fe Ai)z l and H R {z) = ^(rank fe (i? g ),)z I . 

i>0 i>0 

The graded Hilbert series can be computed from (|3.8.1[) and it gives the following: 

H R {z) = H Q (z)(l - /3 l2 4 + p 2 z t+1 + ■■■ + (-1)™-%-iZ* + "- 2 + {-\) n z s+n ) . 
We further obtain 

Pi,(-Z) =1-01Z + P2Z 2 + ■■■ + {-l) n pnZ n 

= z- t+1 (1 - fa* + f3 2 z t+1 + ■■■ + (-l)"" 1 ^!^"- 2 + {-l) n z s+n ) + 

+ 1 + {-z) n - z- t+1 ■ (1 + (-l) n z s+n ) 

= z- t+1 ■ H R {z) ■ (1 - z) n + 1 + {-z) n - z- t+1 ■ (1 + {-\) n z s+n ) 

= 1 + {-z) n + z- t+1 ■ (H R {z) ■ (1 - z) n - 1 - (-l) n z s+n ) 

where the second equality uses the fact that [3 n = 1, and the third equality uses 
the equation above and the fact that Hq(z) = (1 — z)~ n . We have thus 

?Uz) - 1 + z n + (-z)- t+1 ■ (H R (-z) ■ (1 + z) n - 1 - z s+n ) . 
Finally, the fact that the graded resolution of R s over A is pure gives that 
P%(z) = P%(z), see Froberg [UJ Theorem 1]. □ 
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We are now ready to prove the formula for d R (z) in Theorem 13.21 
Proof of Theorem 13.21 We set 

hi = rank fc (Ker c/?f ) + rank fe (Ker <pf_x) and B(z) = E biz 1 . 

i 

A rank count in the exact sequence 

> Tovf^R, k) Tor? (R, k) Torf (R, k) Torf_ 2 (i?, k) -> 

R 

-> Tor? X {R, k) Tor^-R, k) -+ . . . 

gives 

(3.8.2) f3({R)-f3(_ 2 {R)=pf{R)-bi for all i, 
which yields : 

E #w -^ 2 E A- a (iJ)* i - a = E #w - E 

i>0 i>0 i>0 i>0 

and hence 

(3.8.3) Pg(z)= SU_ ^ ^ , 
Combining (13.8.31) and the formula of Lemma [3.81 we have: 

P _ l + z n + {-z)- t+1 ■ (H B (-z) ■ (1 + z) n - 1 - z s+n ) - B(z) 

Now recall the change of rings formula (|2 . 1 1 . 1[) : 

P R (z) = P fc 

i-*(p£(*)-i)' 

The minimal free resolution T> of k over the hypersurface P is known, and gives 

pf(=)= (1 + s) " 



1-z 2 ' 

Also, recall from Corollary 12.101 that 

d R (z) = (i+zr-(p?(z))- 1 . 

Putting together all these formulas and simplifying, we obtain 

d R (z) = (1 + z) n • (Pj? (z))' 1 = (l-z 2 )-(l + z-z- p£(*)) 

= (-z)- t+2 ■ (H R {-z) • (1 + z) n - 1 - z s+n ) - z ■ (1 + z n ) + 

- z ■ B(z) + (1 - z 2 ){\ + z) 

= 1 + z n + 2 + (-z)- t+2 ■ (H R (-z) ■ (1 + z) n - 1 - z s+n ) - 

- z ■ (B(z) -z-z 2 -z n - z n+1 ) . 

To finish the computation, we need to show B(z) = z + z 2 + z n + z n+1 . Proposition 
13.71 gives the following information: 

1 1 for i = 1 , n 

hi = < 

otherwise 
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and the desired formula is then an immediate consequence. 

Since R is a compressed Gorenstein algebra, Hr(z) is known, see (|1.6.1j) . and it 
is a polynomial depending only on n and on s. Since pdg(i?) = n, we know that 

P^(z) is a polynomial of degree n. Formula (|3.8.3j) shows then that the polynomial 
(1 - z 2 )P£(z) has degree n + 1. Since d R (z) = (1 - z 2 ) ■ (l + z - z ■ Pr{z)), it 
follows that dn(z) is a polynomial of degree n + 2. □ 
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